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Based on work of M.J. Fischer, R.E. Ladner, and S. M. Young, described in S.M. Young, “Implementation of PQ-Tree algorithms,” M.S. Thesis, Department of Computer Science, University of Washington, 1977.

Observation 1: The partial nodes form a subtree of the PQ tree with at most two leaves(subleaves).
Pass 1: Find all full nodes. Partition the children of P-nodes into full, empty. Find blocks of full children of Q-nodes. Count blocks without end nodes. Count must be 0 or 1.

Pass 2: Find partial nodes that are descendants of subroot (nearest common ancestor of pertinent leaves). Process partial nodes in FIFO order until queue is empty, or contains 1 node and block count is 0. (This may process some ancestors of the subroot.) Determine if reduction is possible.

Pass 3: Reduce. Either apply transforms recursively from the subroot (FLY) or work bottom-up from the 1 or 2 subleaves.
Time for Pass 2: each pass through the queue adds at most one partial ancestor of the subroot, processes at least one partial node descended from the subroot. Thus the number of queued nodes is at most twice the number of partial descendants of the subroot.

Time for Pass 3: when a partial node is visited, either a Q-node is erased or a P-node is split. Number of Q-nodes created is O(1) per reduction.

Data Structure

Version T (no child pointers): P-node children and Q-node end-children point to parent, Q-node children are doubly circularly linked. Counts of P-node children. Must do Pass 3 bottom-up, must allow unary P-nodes (cleaned up when found later). Space-efficient: 3 pointers per node excluding queues.

Version SMY (child pointers): P-node and Q-node children are doubly linked, P-nodes point to 1st child, Q-nodes point to end-children. No need for unary P-nodes or P-node child counts. Can do Pass 3 top-down.
Blocks: SMY link ends. Probably not needed. Instead, label block nodes as inner or end; for an end block, last node points to end node. (time/space trade-off).
Many cases for non-reducibility in Pass 2: must be careful with details!

For planarity application (substitution needed): keep track of internal block most recently created.

